ArXiv:1203.0493

Gil Cavalcanti

Utrecht University

Poisson Geometry in Mathematics and Physics
Utrecht 2012



Introduction Outline Geometry of T @ T™ Intrinsic torsion Hodge theory Deformations

Introduction — SKT structures

@ Kiihler structure with torsion: Hermitian structure (g, I) with
a connection V with Tor(V) = H € Q3(M) such that

Vg =VI=0.

e Kaihler structure with strong torsion (SKT): dH = 0.
@ SKT structure: Hermitian structure (g, I) such that

dd‘w = 0.

e H=d.
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Examples

Kahler manifolds;
Compact even dimensional Lie groups;
Compact complex surfaces (Gauduchon);

Instanton moduli space over compact complex surfaces;

Instanton moduli space over Hermitian manifolds with
Gauduchon metrics;

Classification on 6-nilmanifolds;
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Kahler vs. SKT

‘ ‘ Kdhler ‘ SKT ‘
Decomposition of cohomology v
Hodge theory v
Frolicher spectral seq. degenerates v
Formality v
Unobstructed deformations v

Fino, Parton and Salamon. Families of strong KT structures in
six dimensions. Comment. Math. Helv. 2004.
(arXiv:math/0209259)
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Kahler vs. GK vs. SKT

Hodge theory

Deformations

| Kéhler | GK | SKT |

Decomposition of cohomology v v v
Hodge theory v v v
Frolicher spectral seq. degenerates v v v
Formality v X
Unobstructed deformations X
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Main insights

@ SKT structures are also generalized structures a la Hitchin.

@ Description of intrinsic torsion of generalized almost
Hermitian structures.
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Outline of Topics

@ Geometry of T® T*
© Nijenhuis tensor and intrinsic torsion
© Hodge theory

@ Deformations
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Geometry of T @ T* — Natural pairing

e Natural pairing

(X+6Y +m) = (%) + ).
@ Actionof T & T* on N\*T*:
(X+&)-p=wxp+EAp
@ Extends to an action of Clif(T & T*) on A*T*:
v-(v- ) = (v, 0)¢.
@ A*T* ~» spinors.

@ Spin invariant pairing: (-, )¢y : A*T* @ A°T* — AIPT*.
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Geometry of T @ T* — Generalized metric

@ A generalized metric is an orthogonal, self-adjoint bundle
isomorphism:
G ToT" —ToT

such that
(Gv,v) > 0.

0 G '=¢"=¢g = §=Id
@ G is determined by its +1-eigenspace V.
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Geometry of T @ T* — Generalized Hodge star

@ Generalized metric + orientation = generalized Hodge

star x
(0, *p)cn > 0.
m(m—1)
o x2=(-1) 2
,m(m—1) .
@ SD forms = —i~ 2 -eigenspace;

.m(m—1) .
ASD forms =i~ 2 -eigenspace;

SKT geometry Cavalcanti



Introduction Outline Geometry of T & T™ Intrinsic torsion Hodge theory Deformations

Geometry of T @ T* — Gen. almost complex structure

@ Generalized almost complex structure:
J:TeT" — Ta T J?*=-1d;

J is orthogonal.
o J & LcC(ToT*)®C, maximal isotropic LN L = {0}.
o J'=J 1=-J=7TJe N (T T*) =spin(T & T*).
@ J splits A*T™ into its ik-eigenspaces:

A TEM = ©_pp<nUF.
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Geometry of T @ T* — Gen. almost Hermitian str.

@ Generalized almost Hermitian structure: (G, J1)
GJ1=J19.

@ Jry=GJrisagesand J2J1 = J1J2.

o (TaT)C=Va Vi vle Vi
Tk _ P q

oA TCM—GBMUJIHUJZ.
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Geometry of T @ T* — Gen. almost Hermitian str.

e
y-12 U2
U-21 o1 e
-390 y-10 o 30
g-2-1 o1 -1
g-1-2 yL-2
o3

Spaces UP1 on a 6-dimensional generalized almost Hermitian
structure.
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Geometry of T @ T* — Gen. almost Hermitian str.

@ Generalized almost Hermitian structure: (G, J1)
gJ1=J19.

@ Jry=GJrisagesand J2J1 = J1J2.
°o (ToT)RC=V"a Vi eVl V2
o _ P q
o N°TeM = @y Uy NU7, .
©Jq L‘72

@ k= —¢ 2 ¢ 2

*|Up,q = _Z'P-Hi.
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Geometry of T @ T* — Gen. almost Hermitian str.
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Geometry of T @ T* — Gen. almost Hermitian str.

e
y-12 U2
U-21 o1 U2t
-390 y-10 Lo L3O
g-2-1 o1 -1
g-1-2 yL-2
Lo—3

SD and ASD forms on a 6-dimensional generalized almost
Hermitian structure.
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Geometry of T @ T* — Courant bracket

@ Courant bracket

[[X—I—f,Y—i—?]]]H = [X, Y] +£X77 = Lydf — vytxH.

[01,02]e - @ = {{v1,d7}, 02} - 0.
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Nijenhuis tensor and intrinsic torsion

e Given a gacs J, define
N:T(L) x T'(L) x T'(L) — Q°(M; C)

N(v1,v2,v3) = —2([v1, 2], v3).

@ J is integrable iff N = 0.
e N cT'(AL).

N
k—2 k—1 uk /a“ukJrl uk+2

SKT geometry
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Nijenhuis tensor and intrinsic torsion

Yp—34+3 yp-1a+3 ypLats P33

Yp—34-3 yp—14-3 ypria—s Yr+3.a-3
Components of d* for a generalized almost Hermitian structure.
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Nijenhuis tensor and intrinsic torsion

yr—1.a+3 yr+ia+s

Nl Nz
yp-Latl Yo+l

\/

6

yp—3a-1 9+ yp—1a-1

yr—14-3 ypr+a-3

Components of d for a generalized Hermitian structure.
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Nijenhuis tensor and intrinsic torsion

p—1Lq+1 p+1,9+1
u u
upﬂ
/+ \
ypr=1a-1 yprtia-1

Components of d for a generalized Kéhler.
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Nijenhuis tensor and intrinsic torsion

Definition

The tensors N, @ = 1,2, 3,4 and =+ are the components of the
intrinsic torsion of a U(n) x U(n) structure.
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Nijenhuis tensor and intrinsic torsion

Proposition (Gualtieri 04/Cavalcanti 06)

A (positive) SKT structure is a generalized metric G and complex
structure T, on V such that

[0V, D(vi0)] € D(vi).

Similarly, a (negative) SKT structure is a complex structure Z_ on
V_ such that

[V, r(vi0] c n(vio).
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Nijenhuis tensor and intrinsic torsion

yp—34a+3 yp—1a+3

up+1,q73 up+3,qf3
Components of d for a (positive) SKT structure.
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Nijenhuis tensor and intrinsic torsion

PrLa+3 Y343

N>
up—l,tﬁ-l 5 up-‘rl,ﬂ-ﬁ-l up+3,q+1
* 6+/1
Z/{Pv'i
E
1 fg/ > 1,9—1
yr—1a-1 °+ Yprria—
Ny
ypP—34-3 yr—19-3

Components of d for a (negative) SKT structure.

SKT geometry

Deformations

Cavalcanti



Introduction Outline Geometry of T & T Intrinsic torsion Hodge theory Deformations

Nijenhuis tensor and intrinsic torsion

Graphic proof of Gualtieri’s theorem

Theorem (Gualtieri 04)

A generalized Kihler structure is equivalent to a pair of positive and
negative SKT structures.
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Nijenhuis tensor and intrinsic torsion

yp—34a+3 yp—1a+3

up+1,q73 up+3,qf3
Components of d for a (positive) SKT structure.
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Nijenhuis tensor and intrinsic torsion
Let WK = @, ,—UP and W¥ = T'(WF).

Proposition
A generalized almost Hermitian structure is an SKT structure if and
only if

d . Wk — Wk=2 g Wk g W2,

oN Wk — W2,

+

@ WE — Wk_z;
§_ Wk — Wk,
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Nijenhuis tensor and intrinsic torsion

upfl,q+3

yrtia-3
Components of d for a gen. cplx. extension of an SKT structure.
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Nijenhuis tensor and intrinsic torsion

Proposition

A generalized Hermitian structure is an SKT structure if and only if

7 q ur1 up71,q+3 ® upflyqﬂ ® upflytkl ey up+1,q+1 ® up+1,q71 ® up+1,qf3.
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Hodge theory

In (M™,G,or) we define

Then:
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Hodge theory

In a compact SKT manifold, the d"-cohomology splits according to
the WX decomposition of forms.

Remark: The theorem also holds for parallel (almost) Hermitian
structures with closed, skew torsion.
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Hodge theory

Proof:

Yr—3-9+3 yr—1a+3

Ypria-3 Yr+3a-3

Components of d' for a (positive) SKT structure.
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Hodge theory

Proof:

up73.q+3 up—l,q+3

ypria-3 Yr+3a-3

Components of d' for a (positive) SKT structure.
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Hodge theory

up—B,q+3
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Hodge theory

Proof: (Parallel case)

up73.q+3 up—l,q+3 up+3,q+3

Yr—31-3 ypr+1a-3 YPr3.9-3

Components of d' for a parallel positive Hermitian structure.
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Hodge theory

Corollary (Parallel bi-Hermitian structures)

Let (M, §) be a compact Riemannian manifold and H € Q3 (M). If
the metric connections with torsion =£H have holonomy in U(n) the
dH-cohomology splits according to the UP*T decomposition of forms.
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Hodge theory

Proof:

uP+3,q+3

Z/{P*3»‘1*3 up+3,q73
Components of d for a parallel bi-Hermitian structure.
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Hodge theory

Theorem

Let (M, §) be a compact Riemannian manifold and H € Q3(M). If
the metric connections with torsion =H have holonomy in G4 and
9. C A2V are the Lie algebras of Gy, the d"-cohomology splits
according to the irreducible representation of

gL X g_ C AV x PV_ Cc AX(ToT).
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Kéhler vs. GK vs. SKT vs. reduced holonomy

’ ‘ Kéhler ‘ GK ‘ SKT ‘ red. hol. ‘
Decomposition of cohomology v v v v
Hodge theory v v v
Frolicher spectral seq. deg. v v v X
Formality v X ?
Unobstr. deformations X ?
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Hodge theory

In a compact SKT manifold we have

1
Aéﬁ — A@ — ZAdH
Proof: —
Integration by parts & *[yra = —i# T implies that ()" = —%.

Dy =0 + 6N =o — 6t

1
10an = Iy = =@ = o) = Ay
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Hodge theory

In a compact SKT manifold (M, g, I), the d + i0w cohomology is
isomorphic to the d-cohomology.

Proof: The automorphism of A*TEM

U QO (M;C) — Q*(M;C)  U(p) = e¥e™“T ¢

satisfies B B
Vo =04 and U(2i0w) = N
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Hodge theory

Corollary

In a compact SKT manifold (M, g, 1), the spectral sequence
correspoding to the decomposition

d? = (8 + iBw) + (0 — idw)

degenerates at the second page.
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Deformations

@ Deformations are given by the action of SO(T @ T*).

@ Small deformations are given by the action of (exponential
of) elements in the Lie algebra

I'(spin(T & T%)).
o It is natural to consider the question of deformations in the
context of stability.
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Deformations

Which deformations of J1 can be completed with a deformation of G
(or J2) so that (G, J1) is a positive SKT structure?
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Deformations

Deformations of [J; are determined by
e a € T(ALy7,)

Y

And lead to consider the operator
e~ odH U ZH gH )

with respect to the UF splitting.
Here, the natural differential operators are

0+ = {0+, };
Oy = {gi,'}
N = {N,-}

SKT geometry
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Deformations

Linear action of « is given by
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Deformations
For 7>

ot

Intrinsic torsion Hodge theory Deformations

ufz,i’l

SKT geometry

uO,n

uO,an

ul,n—?’
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Deformations
Can change a by an element 5 € F(V%1 ® VO

ot

u—Z,n uO,n

ul,n—3
Need:
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Deformations

Theorem

. . 0]
The obstructions to deforming an SKT structure lie in H5+ (M). If

this space vanishes, any deformation of J1 can be completed to a
deformation of the SKT structure.

Theorem
Ifa=a_¢€ T'(A2V%Y), then the deformed structure is still SKT

| \

Corollary

If (M, I, w) is Kiihler, deformations of the symplectic form turn it into
an SKT structure.
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